Introduction
In this paper we will consider several problems naturally arising within the task of finding different ways to parameterize the unitary SU(2) and rotation SO(3) groups by three angle variables. There exist two different classes of those. The first based on 2-element factorizations:
provides all possible ways to define Euler's angles. The second is based on 3-element factorizations:
In the literature, this second possibility is used rarely, and as a rule is only pointed out as existing one. This rather abstract group theoretical problems have are of special interest in the context of the light polarization formalism of Stokes-Mueller vectors and Jones spinors. Because relations obtained give a base to resolve arbitrary pure polarization rotators into all possible sets of elementary rotators of two or tree types.
This paper is not a comprehensive treatment of the physics of light polarization optics, it only discusses group theoretical foundation for Stokes-Mueller vectors and Jones spinors formalisms. To fill up this gap we give rather detailed bibliography on the subject, though it is not exhaustively complete.
2-element factorization, one special case
In this Section we consider the following 2-element factorization:
which gives equations
We should resolve eqs. (2) under the variables x 0 , x 1 ; x ′ 0 , x ′ 1 ; y 0 , y 2 . For y 0 , y 2 we have
,
In eqs. (2), one can exclude the variables y 0 and y 2 :
Eqs. (4) can be resolved as a linear system under the variables x 0 , x 1
or under the variables
First, let us study eqs. (5):
With the use of angle parametrization
and further
Thus
Turning to eqs. (5), we get two (equivalent) solutions:
Now let us make the same with the system (6), which formally differs from (5) by evident changes
we get tg a = −n 0 n 3 + n 1 n 2 n 0 n 2 + n 1 n 3 ,
Turning to the system (6), we produce two (equivalent) solutions:
Evidently, the systems, I and II, are equivalent, so they must provides us with the same solutions -collect results together:
Let us use the most simple forms (also one may omit ± ) for a, a ′ :
and for a 2 , a ′ 2 :
Turning to eqs. (3), we should calculate expressions for
Let us introduce angle variable y 0 = cos 
allowing for identity
we arrive at
It is readily verified that the result will be the same if one uses first expressions in (23) . Let us calculate cos b:
so that
Now let us calculate y 0 and y 2 from (23). Allowing for
2 All six types of 2-element factorizations
There exist six types of 2-element factorization:
in the previous Section we considered one (underlines) factorization U 1 U 2 U ′ 1 . We are to extend the above analysis to all six variants:
All results obtained can be presented in the table:
We see that all six factorization according to (66) - (67) - (68) have the same mathematical structure, therefore all six solutions can be produced by means of formal changes from results obtained for the case (3) -(121) -for simplicity we write down expressions for double angle variables:
3 3-element factorization, special case
For an arbitrary element from SU(2)
let us introduce a 3-element factorization
At given n a one should find (x 0 , x 1 ), (y 0 , y 2 ), (z 0 , z 3 ), parameterized by angle variables as follows
Eqs. (34) can be considered as two linear systems under x 0 , x 1 :
Their solutions are respectively:
One can exclude variables x 0 , x 1 from eqs. (36):
Alternatively, eqs. (34) can be considered as two linear systems under y 0 , y 2 :
Excluding the variables y 0 , y 2 , we get
Alternatively, eqs. (34) can be considered as two linear systems under z 0 , z 3 :
Excluding the variables z 0 , z 3 , we get
Two last variants, (40) and (43), seem to be simpler than (37) . First, let us consider the variant (40):
From vanishing the determinant
which may be rewritten as
expressions for cos a and sin a are
Now, in the same manner let us consider the variant (43):
it may be written differently − (2n 2 n 3 + 2n 0 n 1 ) cos a + (n 
we get (second equivalent variant is omitted)
Let us calculate sin c:
Finding expression for denominator
we arrive at sin c = 2(n 0 n 3 + n 1 n 2 )
Now let us calculate cos c:
that is
It is a matter of simple calculation to verify the identity
Thus, the angles a and c are determined by relations:
Now, turning to (47)
we get expressions for y 0 , y 2 :
Let us calculate sin b:
Using expression for numerator
we get
Further, allowing for the expression for denominator
for sin b we obtain
Now, let us calculate cos b:
Allowing for expressions for numerator
and for denominator
It is easily verified identity
In the end of the Section let us collect obtained results: the angles a, b, c are determined by relations
They provide us with solution of the following factorization problem:
Polarization of the light in Mueller-Stokes and Jones formalisms
Let us start with some definitions concerning the polarization of the light [52] . For a plane electromagnetic wave spreading along the axis z, in an arbitrary fixed point z we have
four Stokes parameters (S a ) = (I, S 1 , S 2 , S 3 ) are defined by relations
the symbol < ... > stands for the averaging in time. If the amplitudes A, B and the phase shift ∆ do not depend on time in measuring process, the Stokes parameters equal to
and an identity
holds. In other words, for a steady completely polarized light, the Stoke 4-vector is isotropic. For a natural (non-polarized) light, Stokes parameters are trivial:
When summing two non-coherent light waves, (1) and (2), their Stokes parameters behave in accordance with the linear law:
A partly polarized light can be obtained when summing two beams of natural and completely polarized light:
with notation
the Stokes vector for a partly polarized light is given in the form
where I is a general intensity, n stands for any 3-vector, p is a degree of polarization which runs
Let us discuss application of SO(3) group theoretical methods to describing various polarizing optical devices.
Pure polarization attenuators (λ-elements changing uniformly the degree of polarization)
Pure intensity attenuators (σ-elements changing uniformly the general intensity)
Pure polarization rotators SO(3) elements: R ∈ SO(3, R)
Now let us consider the Jones formalism and its connection with spinors for rotation and Lorentz groups. It is convenient to start with a 2-spinor ψ, representation of the special linear group GL(2.C), covering for the Lorentz group:
From the spinor ψ one may construct a 2-rank spinor Ψ ⊗ ψ * , the 2 × 2 matrix, which in turn can be resolved in term of Pauli matrices. we will need two sets: σ a = (I, σ j ) andσ a = (I, −σ j ). Let us decompose 2-rank spinor into the sum
The spinor nature of ψ will generate a definite transformation law for S a :
Now, one should use a well-known relation in the theory of the Lorentz group:
where
With the use of the known formulas for traces of the Pauli matrices:
for the matrix L we get
Substituting (78) into (77), one gets the transformation law for S a :
Thus, spinor transformation B(k) for spinor ψ generates vector transformation L a b (k, k * ). Different in sign spinor matrices, ±B lead to one the same matrix L. If we restrict ourselves to the case of SU(2) group, for matrix L a b (k, k * ) from (80) we get:
k 0 = n 0 , k j = −in j , n 2 0 + n j n j = +1 , B(n) = n 0 − in j σ j , L(+n) = L(−n) = 1 0 0 0 0 1 − 2(n 2 2 + n 2 3 ) −2n 0 n 3 + 2n 1 n 2 2n 0 n 2 + 2n 1 n 3 0 2n 0 n 3 + 2n 1 n 2 1 − 2(n 2 1 + n 2 3 ) −2n 0 n 1 + 2n 2 n 3 0 −2n 0 n 2 + 2n 1 n 3 2n 0 n 1 + 2n 2 n 3 1 − 2(n 2 1 + n 2 2 )
.
Let us introduce a polarization Jones spinor ψ:
From (84) 
They coincide if (β − α) = ∆. Instead of α, β it is convenient introduce new variables:
correspondingly the spinor ψ will look (75)
A e −i∆/2 B e +i∆/2 = e iγ/2 (S + S 3 )/2 e −i∆/2 (S − S 3 )/2 e +i∆/2 .
Spinor ψ is a Jones complex 2-vector, it is just another representation of the electric field in the plane electromagnetic wave (see (65) ).
Discussion
Produced formulas describing all 2-element and 3-element factorizations
and so on of the elements of the groups SU(2) and SO(3,R) may be used as a base for corresponding angle parametrization of the unitary group SU(2); also in the context of the light polarization optics they can be used as a base to resolve arbitrary polarization rotators into different sets of elementary ones of two or tree types:
The factorization formulas produced may be readily extended to linear group SL(2.C), spinor covering for Lorentz group L ↑ + .
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